Abstract. We study suitable deformations of the complex structure on a compact balanced manifold (M, J, g, ω), naturally associated with cohomology classes in H 2 (M, R). We construct curves of balanced structures on a compact holomorphically parallelizable 5-dimensional complex nilmanifold and of halfflat structures on a compact complex 3-dimensional solvmanifold respectively.
Introduction
Let (M, J) be an n-dimensional complex manifold. A Hermitian metric g on (M, J) is said to be balanced (see [16] ) if
where ω(·, ·) = g(J·, ·) is the fundamental 2-form of g. Equivalently, g is balanced if ω is co-closed, namely d * ω = 0, where d * is the codifferential of d. The pair (J, g), where J is a complex structure and g is a J-Hermitian balanced metric on M respectively, is a balanced structure on M . We will refer to (M, J, g, ω) as a balanced manifold.
In the terminology of A. Gray and L. M. Hervella (see [10] ), a Hermitian metric g on a 2n-dimensional almost complex manifold (M, J) is said to be semi-Kähler if the fundamental form ω satisfies dω n−1 = 0 . The existence of a balanced metric on an n-dimensional compact complex manifold (M, J) has been intrinsically characterized by M. L. Michelsohn in terms of currents (see [16, Thm. 4.7] ). For construction of balanced structures see also e.g. [9] , [19] and the references therein.
The class of compact balanced manifolds have the nice property of being invariant under modifications. More precisely, in [2, 3] , L. Alessandrini and G. Bassanelli showed that ifM and M are compact complex manifolds and f :M → M is a modification, thenM is balanced if and only if M is balanced. In particular, modifications of compact Kähler manifolds are always balanced.
In contrast with the Kähler case, compact balanced manifolds are not stable under small deformations of the complex structure (see [1, Prop. 4.1] ). Therefore, given a compact balanced manifold, it is natural to look for those deformations of the complex structure which remain still balanced.
ALBERTO SARACCO AND ADRIANO TOMASSINI
To such a purpose, one can select suitable deformations of the complex structure on a compact balanced manifold (M, J, g, ω) naturally associated with cohomology classes and giving rise to curves of balanced structures. More precisely, starting with a balanced manifold (M, J, g, ω), we consider cohomology classes [ψ] ∈ H 2 (M, R ), where ψ is the harmonic representative of the class such that there exists a curve of balanced structures (J t , g t , ω t ), for small real t, with ω t = ω + tψ + o(t) and J 0 = J.
The idea to associate curves of almost complex structures with cohomology classes has been used already by J. Lee in [13] in the context of J-holomorphic curves, by P. de Bartolomeis in [6] in relation to symplectic deformations of Kähler structures, and by P. de Bartolomeis and F. Meylan [7] in deformations of CRstructures. In particular, in [6] cohomology classes giving rise to curves of Kähler structures on a compact Kähler manifold (M, J, g, ω) are characterized.
The situation in the balanced case seems to be more complicated than in the Kähler one. In many cases there simply are no complex deformations such that the deformed structure is integrable.
However, it may happen that the deformation preserves some weaker but still interesting geometrical properties of the manifold, as for instance the half-flat one. According to [4] , an SU(3)-structure (J, ω, Ψ) on a 6-dimensional (real) manifold M is said to be half-flat if the non-degenerate 2-form ω and the complex volume form Ψ satisfy the following conditions:
It is known that hypersurfaces in 7-dimensional manifolds with exceptional holonomy G 2 have a half-flat structure given by the restriction of the holonomy group representation. Conversely, starting with a half-flat manifold, if certain evolution equations admit a solution coinciding with the initial structure at time zero, then the construction can be reversed, giving rise to a manifold with holonomy contained in G 2 (see [12] ).
In this paper, after recalling the differential graded Lie algebras setup on complex manifolds, the general construction of curves of complex structures starting with real 2-cohomology classes and the basic facts on deformation theory of complex structures (see Sections 1 and 2), we will construct curves of balanced structures on a compact holomorphically parallelizable 5-dimensional complex nilmanifold M , obtained as a compact quotient of the 5-dimensional complex nilpotent group (see e.g. [17] ): 
(see Theorem 3.1 for the precise statement).
Finally, in the last section we construct curves of half-flat structures deforming a balanced structure on a compact solvmanifold N endowed with a complex structure. We obtain the following: 
o t h e r w i s e , and define
The bracket [[ , ] ] and the ∂ J -operator are defined as follows.
is defined in the following way:
where [ , ] is the usual bracket between complex vector fields.
• For every α ∈ Ω 0,p
where ϕ is the skew-symmetric derivation of degree 1 of Ω 0, * (M ) such that, for every smooth function f , ( ϕ f )(Z) = ϕ(Z)(f ), and, for every α ∈ Ω 0,1
• Finally, extend [[ , ] ] by bilinearity to any pair of elements of A.
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for every vector field W of type (0, 1). ii) For every ϕ ∈ A 1 , set
for every pair of vector fields Z, W of type (0, 1). iii) Extend ∂ J to A p by Leibniz rule, i.e.
Remark 1.3. Note that the theory can be set in real terms. To this purpose, let
0 is the space of smooth vector fields and A
The inverse of m is defined by
In particular, for every pair of vector fields X, Y ,
and for every vector field
where we used the identification
Curves of complex structures
Let (T, J, g) be a Hermitian vector space, i.e. a real vector space T equipped with J ∈ End(T ) satisfying J 2 = −I and a positive definite scalar product g on T satisfying g(JX, JY ) = g(X, Y ).
Let V be an endomorphism of T anticommuting with J. We can identify V with (2.1)
which is C-linear, where as usual
This identifies canonically the space
we obtain a two-form α ∈ Λ 2,0+0,2 T * , and in terms of complexified space α = γ + γ, where
We will now recall the basic facts about the deformation theory of complex manifolds. Let (M, J) be a compact complex manifold of real dimension 2n. On the space Γ(M, End(T M)) of C ∞ -sections of the vector bundle End(T M) = T * M ⊗T M we will consider the usual topology. Then every almost complex structureĴ in a neighborhood of J can be uniquely represented aŝ
with L ∈ End(T M) such that LJ + JL = 0 (see e.g. [7] ). It turns out thatĴ is integrable (see e.g. [15] ) if and only if
satisfies the following:
Equation ( gives rise to a bijection between 
be a smooth curve of almost complex structures on M , with J 0 = J. Then, as just recalled above, for − < t < ,
It is immediate to check that
Furthermore, if t → J t is a (smooth) curve of complex structures, then as a consequence of [7, Prop. 3.3] , it follows that the linear map L given by (2.5) satisfies the necessary condition [14] and (2.6)), γ being the harmonic representative, and let V be as in (2.1). Then, defininĝ
one has that
is a curve of almost complex structures on M . In Sections 3 and 4, starting with the harmonic representatives of cohomology classes of type (2, 0)+(0, 2), as in (2.2), and of type (1, 1) respectively, we will apply the previous constructions to deform balanced structures on two different compact non-Kähler manifolds.
Finally, we recall the definition of the cohomology groups (see [14] )
which will be used in the next sections.
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Balanced deformations
Let G ⊂ GL(4, C) be the complex subgroup, with Lie algebra g, defined as
Then G is a complex nilpotent Lie group; the subset Γ ⊂ G whose matrices have Gaussian integers entries is a uniform discrete subgroup, so that M = Γ\G is a compact 5-dimensional complex nilmanifold. The 1-forms
are G-invariant and, consequently, induce 1-forms of type (1, 0) on M . Hence M is holomorphically parallelizable, with structure equations
Denoting Observe that M is a compact balanced manifold, the balanced form given by
By Nomizu Theorem (see [18] ) it is immediate to check that b 2 (M ) = 26. Furthermore,
One can check that H (2,0)+(0,2) (M ) R , H 1,1 (M ) R , respectively, are spanned by the following harmonic forms: 
where
We can state the following.
Theorem 3.1. The harmonic representative ψ of any cohomology class in
gives rise to a curve of balanced structures on M whose fundamental forms are given by
Proof. Let
We will show that there exists a curve of balanced structures (J t , ω t ) on M such that
where ψ 1 is defined as in (3.2). By (2.2), the linear map V 1 representing ψ 1 is given by
and in real terms
Then c 1 L 1 represents the (2, 0) + (0, 2)-form c 1 ψ 1 . We start by proving that c 1 L 1 satisfies the Maurer-Cartan equation (2.4) . In order to do this, we show that
We have 
By definition, the real 2-form ω t is of type (1, 1) with respect to J t , and, for small t, it is strictly positive. A direct computation shows that
Therefore (J t , ω t ) is a curve of balanced structures induced by ψ .
Half-flat deformations
In this section we will provide a 6-dimensional balanced manifold (N, J, g, ω) which has half-flat deformations in every direction. We first recall the construction of N (see [17] and [8] ).
Let x 1 , . . . , x 6 denote coordinates on R 6 . We set λ = log
and consider the following transformation of R 6 :
We set
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and T 1 (x) denotes the subgroup of transformations generated by T 1 (x). Then N is a compact 6-dimensional manifold. The six 1-forms on
induce 1-forms on the manifold N . Therefore, we immediately get
In fact it turns out that N can also be presented as a compact quotient of a 6-dimensional simply connected completely solvable Lie group by a uniform discrete subgroup (see [5] and [11, Example 5] Observe that N is a compact balanced manifold, with balanced form given by
A basis of H 2 (N, R ) is given by Hence, settingL = 1 2 V J, we get
In real terms, 
